I. INTRODUCTION
The equation due to Born and Green' and Yvon2 (BGY) represents one of the earliest integral equation theories for the pair distribution function of a simple fluid.3 While its use has largely been supplanted by the hypemetted-chain (HNC) and Percus-Yevick (PY) equations,' the BGY approach still retains a strong appeal, as evinced by several recent applications5-' The continuing usefulness of the BGY equation stems from the very physical nature of its derivation, whereby the response of an equilibrium fluid system, due to the spatial perturbation of one of the constituent particles, is related to the local fluid structure. The resulting "force balance" equation gives the pair distribution function in terms of the triplet distribution function. An additional relationship between the pair and triplet distribution functions is required to close the hierarchy, and this has typically been accomplished using the Kirkwood superposition approximation (KSA) .' However, while the BGY-KSA equation is exact in the low-density limit, it gives disappointing results at moderate to high fluid densities.
Among the several suggested improvements to the KSA closure, the one arising from a diagrammatic expansion of the triplet potential of mean force appears to be most promising. Rice and Lekner have studied the hardsphere BGY equation using this improved closure, where the expansion is carried out in terms of the short-ranged Mayer f-function." These authors find that the first-order correction results in an improved virial equation of state. However, taken to second order the theory is worse, indicating a slow convergence of the f-bond expansion. The compressibility equation of state was not studied in their work, thus it is difficult to gauge the thermodynamic consistency of the f-bond corrections. Haymet, Rice, and Madden have reexpressed this f-bond expansion in terms of the total correlation function h (and thus in terms of the pair distribution function itself)." These authors have studied the h-function corrections for certain realistic fluid potentials although they have not explicitly applied this method to the hard-sphere system. In those cases where it has been applied, the h-function expansion provides very notable improvements to the KSA."-I3
In principle, given an accurate pair distribution function, these diagrammatic expansions provide a means of directly computing triplet distribution functions. '3"4 However, our approach is to utilize these expansions as closures to the BGY equation, yielding a self-consistent, and hopefully accurate, theory for both the pair and triplet distribution functions. It is worth noting that there is a renewed interest in the triplet distribution function for simple fluids and that a number of different integral equation approaches, based on various generalizations of the OrnsteinZemike equation, have recently been introduced.'*-'* In this brief study of the BGY integral equation for hard spheres we both reexamine the f-bond corrections and evaluate the first-and second-order h-bond corrections to the KSA. We report the resulting pair distribution functions, virial and compressibility pressure equations of state and, in the case of the h-bond corrections, the actual triplet distribution functions. Our own interest in these improvements to the KSA is motivated by our current development of a BGY-type theory for chain molecules (i.e., polymers) in the continuum which is a logical extension of the work of one of us (J. E. G. L.) in applying the BGY-KSA approach to describe polymers on a lattice.5
II. THE BGY EQUATION
In the following we consider a fluid of N hard spheres of diameter u in a volume V. The interparticle potential is given by (1)
where p= l/k,T and rlz= 1 rl -r2 I. Consideration of the mean restoring force arising from an infinitesimal displacement of particle 1 leads to the BGY equation1*2 VI lngl2=Vl( -Pu12) +p dr3 Vl( -@J,~)~~, (2) fij=[
where p=N/V and g12-g(ri2) and g123=g(3)(r12,r,3,r23) are the pair and triplet distribution functions, respectively. This is an exact result for g12; however, since g123 is unknown this equation is not immediately useful. Equation (2) has usually been closed using the Kirkwood superposition approximation9 8123=gl2gl3g23 *
While the resulting self-consistent approximate equation for g,, is found to be accurate at low densities, it performs rather poorly (compared with the HNC and PY integral equations) at moderate to high densities.4 Improvements to the KSA can be obtained by writing the triplet distribution function in terms of the following formally exact expression due to Meeronlg and Salpeter: g123=g12g13823exp[~(r12,r13,r23; p) 
Two different diagrammatic expansions of the correction term Q-( r12,r13,r23;p) (one involving the Mayer f-function and the other the pair correlation function itself) will be considered in the following section. In either case, substituting this exact closure into Eq. (2) results, after some manipulation, loJ1 in the following self-consistent equation for the hard-sphere pair distribution function,
T(x)= J; $ J;:11dzzg(z) (u2+l-2) XCexp[7(U,Lz;p) I-11,
where x=r12/o, z=~~~/o, and g(x< 1) =O. Note that the KSA is recovered in Eq. (4) by taking r=O, in which case T(x) =0 and Eq. (5) reduces to the familiar BGY-KSA equation for hard spheres.
Ill. THE DIAGRAMMATIC EXPANSIONS
Finally, we note that the hard-sphere f-bond expansion has two well-known drawbacks. First, the hard-sphere f-bond diagrams alternate in sign depending on whether they contain an even or odd number of f-bonds, and thus there is heavy cancellation among the diagrams in this expansion. Second, the range of the anf3 term only extends out to a distance of (n f 1)~ and thus the S, and 6, corrections are strictly of a short-range nature.
A. The f-bond expansion As originally shown by Meeronlg and Salpeter2' (and discussed by Abe22 in the context of improvements to the KSA) a density expansion of the triplet potential of mean force ( -k,T In g,,,) leads to Eq. (4) with B. The h-bond expansion m T(r12,r13,r23;p) = XI pn&+3(r12,r13,r23),
where the Sn+3 ( r12,r13,r23) expansion coefficients are the "simple 123 irreducible clusters" introduced by Salpeter. These coefficients are 3n-dimensional integrals over products of Mayer f-functions where the Mayer f-function is defined as fij=exp( -Pug) -1 and for hard spheres is sim-
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The Eq. (6) expansion has a direct physical interpretation since the nth term in the expansion accounts for the correlations between the fixed 123 triplet and exactly n other particles. The expansion coefficients themselves are most easily represented diagrammatically. For example, the first-order term is given by S4(r12,r13,r23) = s &f14f24f34= (8) 2 3 In the above diagram the black circle is a field point representing a particle over whose position an integration is done, the white circles are root points representing particles whose positions are fixed, and the lines connecting circles i-and j are f-bonds, each of which contributes a factor f. to the integrand. While there is but a single firstorder (6,) diagram there are 13 second-order (8,) diagrams as shown in Fig Despite the simple form of the hard-sphere f-function [Eq. (7) ] only the S4 integral can be evaluated analytically.23 Rice and Lekner have evaluated the 6s integrals numerically (using Monte Carlo integration for the sevenbond diagram) for two specific triplet configurations and approximated the 6s correction for other triplet geometries via an interpolation procedure." In the following we evaluate the S5 integrals using a Legendre polynomial expansion of the hard-sphere f-function in the manner of Barker and Monaghan and Henderson.25 An alternative to the f-bond expansion of Eq. (6) is provided by a resummation of this expansion in terms of hfunctions where
is the total correlation function. This idea was originally proposed by Abe, who worked out the first two terms of such an expansion.22 Haymet, Rice, and Madden," utiliz- (8) for an explanation of these diagrams.] These same diagrams can be used to represent the integrals contributing to the firstand second-order h-bond expansion if ( 1) the "bonds" are reinterpreted as h-rather than f-functions, and (2) the first six second-order diagrams are discarded.
ing the results of Morita and Hiroike26 and Ste11, 27 arrive at the following general expansion:
7(rt2,r13,r23;p) =exp 2 pn~~+3(r12,r13,r23;p) , I
I (10) fl=l where the 8,,+s expansion coefficients are 3n-dimensional integrals over products of h-functions.28 Again, these coefficients have a simple diagrammatic representation. The h-bond diagrams contributing to zn+s equal all the Sri+++ f-bond diagrams (with the f-bonds replaced by h-bonds) which are free of articulation pairs, where an articulation pair is defined as any two points whose removal results in a separated diagram which lacks a root point (i.e., 0). The first-order expansion term is given by
where the bonds in this diagram represent h-functions. Of the 13 second-order f-bond (6,) diagrams shown in Fig. 1 , the first six each contain an articulation pair and thus only the last seven contribute to the second-order h-bond (5s) term. Of course, Eq. ( 10) is not a true density expansion since the h-bond expansion coefficients are themselves density dependent. However, in conjunction with the BGY equation [Eq. (2) ] the closure of Eqs. (4) and ( 10) does provide a series of self-consistent equations for g(x) which improve upon the KSA results. Haymet, Rice, and Madden have studied fluids interacting through a LennardJones potential12 and a model potential for liquid sodium" using the BGY equation with both first-and second-order h-bond corrections to the KSA. In these studies the h-bond diagrams were evaluated using a Legendre polynomial expansion of the h-functions. Here we use the same Legendre polynomial expansion technique in our study of the hardsphere fluid. Finally, we note that unlike the f-bond expansion each h-bond 8, + 3 correction term extends over the entire spatial range of g(x) [i.e., out to the distance x at which g(x) goes over to its asymptotic value of 11.
IV. LEGENDRE POLYNOMIAL EVALUATION OF THE DIAGRAMS
As noted above, we evaluate the second-order f-bond diagrams and all of the h-bond diagrams using a Legendre polynomial expansion of the hard-sphere f-and hfunctions."924925 In the case of the h-function, for a triplet of particles separated by distances r=r12, s=r13, and t =r23, we have
where cos 8,= (g+$---$)/2rs and the expansion coefficients are given by A/(r,.s;p) = (I+f) JOT h(t;p)PI(cos @sin 8 de.
Equation (12) also applies to the hard-sphere f function since f(t) = h( t;p=O). Using this expansion, the firstorder h-bond diagram can be written as 6bww23;p) = s drdG24h34
where Bkr,s;p) = s ao du U2h(U;P)AI(r,#;P)AI(S,II;P).
o
In arriving at the Eq. (14) result we write h24 and h,, in terms of the Eq. ( 12) expansion and, taking particle 1 as the origin of a spherical coordinate system, use the addition theorem for spherical harmonics and the orthogonality of the Legendre polynomials to carry out the required angular integrations. Similar expressions can be derived for all seven second-order h-bond diagrams and for the 13 second-order f-bond diagrams. These expressions are tabulated in Ref. 11 and will not be repeated here. We note that in the case of the hard-sphere f-functions the expan-sion coefficients A[( r,s;p=O) are easily computed analytically29 and that the four-and five-bond articulation pair diagrams can be combined pairwise reducing the number of second-order f-bond integrals to 10.
Finally, given a self-consistent solution to Eq. (5)) the hard-sphere fluid pressure equation of state (EOS) can be computed either directly from the virial equation, Since both the hard-sphere f-and h-functions possess a discontinuity at contact their representation by a sum of smooth functions is expected to require a very large number of terms. However, a manageable number of terms is found to be adequate when these expansions are used under an integral as in Eq. ( 14) . For example, if we evaluate the first-order _ f-bond diagram using Eq. ( 14) [64(r12,r13,r23) =S,( r12,r13,r23;p=O)] truncated at 12 expansion terms, the resulting values differ by no more than 0.001 from the exact results for all geometries investigated. Similarly, we find reasonable agreement with Rice and Lekner's numerical results" for 6s (o,a,R ) and S, (R,a,R ) using 12 terms for the four-and five-bond diagrams, 8 terms for the six-bond diagrams, and 4 terms for the sevenbond diagram. Increasing the number of expansion terms to 13 for all diagrams only slightly changes our results (which oscillate in a convergent fashion with an increasing number of expansion terms).
pp/,=l+$X&(l) (17) or indirectly from the hard-sphere compressibility
V. RESULTS
A. Details of solution
In general, equation-of-state results obtained from Eqs. ( 17) and ( 18) 
where grUt(x) is the mth iteration approximant to g(x).4
The mixing parameter was set at a=0.05 for ~~20.58 while for lower densities a=O.2 was used. The iteration is performed on a grid with step size Ax=O.O5 out to a maximum distance of x= 11.0 beyond which we take g(x) = 1.0. Convergence is considered to be achieved when I&?$(Xi) -mxi) I < lO-'k$(Xi) + g(Xi)l for all grid points xi. Numerical integrations are performed using Simpson's rule except in the case of the f-bond diagrams and for the 0(x < 1 range of the h-bond integrals where we use 16-point Gaussian quadrature. In computing the fand h-bond diagrams 12 expansion terms are used for the three-, four-, and five-bond diagrams while 8 terms are used for the six-bond diagrams and 4 terms are used for the seven-bond diagram.
Rice and Lekner have studied f-bond corrections to the KSA for hard spheres" using Eq. (5) and found that while the first-order correction (Fl: 7=pa4) gives an improved contact value of g(x) (and thus an improved virial pressure), the second-order correction (F2: ~=pS~+p*6~) is much poorer, in some cases performing worse than the KSA. In an attempt to account for higher-order terms in the Eq. (6) expansion, Rice and Lekner also studied a simple Padi approximant to the first-and second-order corrections, r[Pade] =p&/( 1 -p&/S4), which was found to give very accurate values of g( 1) . Since g( 1) alone does not provide a good measure of the thermodynamic consistency of a theory we have repeated the Rice and Lekner calculations in order to study the full g(x) and, in particular, to compute the compressibility equation of state for this theory. As detailed above we use a Legendre polynomial expansion of the hard-sphere f-function to compute the G,(r,a,t) integrals in the F2 and PadC calculations. While the diagrams contributing to the f-bond correction term r( r,s=a,t;p) [Eq. (6) ] can be computed once for all required values of r and t, the corresponding h-bond diagrams depend on g(x) and thus must be computed within the iteration process. In practice, the h-bond correction term r( r,s= a,+) [Eq. ( IO) ] is computed using the current approximant for g(x) and Eq. (5) is iterated to convergence using this approximate r, whereby a new r is evaluated and the process repeated." This double-iteration procedure is continued until a self-consistent solution is achieved. This approach typically requires less than 10 diagram evaluation cycles. Lekner's Fl (0) and F2 (U) results and our own recalculation of this data (o and Cl, respectively) using these authors ' & values. polynomial evaluation of S,.) The compressibility equation of state (lower panel) provides an entirely different perspective on the f-bond corrections. Here the Fl, F2, and Padt pressures are all found to be markedly worse than that obtained using the KSA and, in particular, the F2 result is unphysical for pd > 0.45 as the hard-sphere compressibility becomes negative.
The hard-sphere pair distribution functions for pd =0.60 computed with the f-bond corrections to the KSA are compared with Monte Carlo results3* in Fig. 3 . While the Pad& contact value g( 1) (shown in the inset in the upper panel) is very close to the Monte Carlo result, away from contact the g(x) values obtained from the Fl, F2, and Pad& calculations all have an exaggerated oscillation amplitude and nearly the same (incorrect) phase as the KSA result. The F2 result is extremely poor while the Pad& result is essentially a damped version of the Fl g(x). Since, as noted above, the f-bond corrections are short range in nature it is not surprising that they provide no improvement over the KSA for g(x) away from contact. Unfortunately, the perturbations in g(x) away from contact resulting from these corrections are not small, and give rise to very poor compressibility results, making this alternative to the KSA unattractive. 
C. h-bond EOS and g12
The long-range nature of the hard-sphere h-function suggests that the Eq. ( 10) expansion may provide a series of more thermodynamically consistent improvements to the KSA than those obtained using the f-function expansion.'1V33 To this end, we have solved the hard-sphere BGY equation [Eq. (5) ] with boththe first-order (Hl: ~=p&) and second-order (H2: 7=pS4+p2&) h-bond expansion closures for g123. The required Sn+3 diagrams are evaluated via a Legendre polynomial expansion of the hard-sphere h-bonds as discussed above.
The resulting pressure equations of state and pair distribution functions (for pd=0.60) are shown in Figs With the H2 correction the g(x) contact value is further improved, now giving a virial pressure slightly more accurate than the Percus-Yevick virial result. Away from contact the H2 g(x) compares fairly well with the Monte Carlo results, having a phase that is nearly correct and an oscillation amplitude that is only slightly too small. The compressibility pressure is nearly the same as that obtained with the Hl correction up to pd-0.50.
At higher densities the H2 compressibility results become increasingly less accurate [and numerically less reliable as the compressibility is very small while the g(x) amplitude is becoming large]. As with the HI results, the H2 virial and compressibility pressures bracket the exact equation of state. Above pd=0.69 we were unable to obtain self-consistent solutions to Eq. (5) with the H2 correction.34
D. Triplet distribution functions
An accurate closure to the BGY equation [Eq. (2) ] such as the h-function expansion considered here [Eqs. (4) and (IO)] provides a self-consistent, and hopefully accurate, theory for both the pair and triplet distribution functions. In Fig. 6 we compare the triplet distribution functions from the Hl and H2 calculations with Monte Carlo results.35 In this figure we have plotted the ratio of the triplet distribution function to the KSA value, gc3' (r,s,t)/ g(r)g(s)g(t>, as a function of the triplet angle 8, when spheres 1 and 3 are in contact (s= ri3 = o) and the distance between spheres 1 and 2 (r=rt2) is fixed [the distance between spheres 2 and 3 being varied as t = rz3= (?+? -2rs cos 8,) "2] . Both the HI and H2 results give a qualitatively correct description of the deviations from the KSA with the H2 theory being somewhat more quantitatively accurate. The differences between the H2 and the Monte Carlo results are most pronounced for triplet angles 8, < 90" and are maximum when this angle is at its minimum (i.e., when spheres 2 and 3 are in contact: t=o).36 Also shown in this figure are the results from the BGY2 theory of Lee, Ree, and Ree.37 The BGY2 theory closes the third member of BGY hierarchy using a four-particle superposition approximation for the quadruplet distribution function. While this theory is seen to produce a very accu- rate hard-sphere triplet distribution function, it is plagued by the problem of a path-dependent integration3* and is much more cumbersome to implement numerically than the present H2 theory.
VI. CONCLUSIONS
We have studied the BGY integral equation for the hard-sphere pair distribution function using both the f-bond and h-bond expansion closures to the triplet distribution function. While, as shown by Rice and Lekner, the short-range f-bond corrections give an improved virial equation of state, we find that these corrections distort g(x) away from contact and thus give very poor compressibility results. The long-range h-bond corrections, on the other hand, are found to give general improvement to the calculated pair distribution function with both the firstand second-order corrections getting the phase of g(x) nearly correct. The resulting virial and compressibility pressures are much improved over the KSA values and are found to bracket the exact equation of state. Additionally, the second-order h-bond correction has been shown to provide a fairly accurate hard-sphere triplet distribution function. These results should prove useful as we investigate the hard-sphere-chain fluid using the BGY approach.
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